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DEFORMATIONS OF LAGRANGIAN TYPE SUBMANIFOLDS
INSIDE G2 MANIFOLDS
REBECCA GLOVER AND SEMA SALUR
Dedicated to the memory of Ruth I. Michler
Abstract. 3-dimensional Harvey Lawson submanifolds were introduced in an
earlier paper by Akbulut-Salur, [1] as examples of Lagrangian-type manifolds
inside G2 manifold. In this paper, we first show that the space of defor-
mations of a smooth, compact, orientable Harvey-Lawson submanifold HL
in a G2 manifold M can be identified with the direct sum of the space of
smooth functions and closed 2-forms on HL. We then introduce a new class
of Lagrangian-type 4-dimensional submanifolds inside G2, call them RS sub-
manifolds and prove that the space of deformations of a smooth, compact,
orientable RS submanifold in a G2 manifold M can be identified with closed
3-forms on RS.
1. Introduction
It is well-known that a smooth symplectic manifold N2n is equipped with a
closed, nondegenerate differential 2-form ω. An n-dimensional submanifold Ln of
N2n is called Lagrangian if the restriction of ω to L is zero. Lagrangian subman-
ifolds and their deformations have important applications in symplectic geometry
and mathematical physics. In particular, they play a role in establishing the cor-
respondence between “Calabi-Yau mirror pairs” in string theory via the Fukaya
category.
Let (M,ϕ) be a G2 manifold with calibration 3-form ϕ. As with the symplectic
2-form ω, the calibration 3-form ϕ on a G2 manifold is closed and nondegenerate.
Moreover, the Hodge dual, ⋆ϕ, of ϕ is also closed and nondegenerate. Therefore G2
manifolds provide a natural setting in which one can search for Lagrangian-type
submanifolds that correspond to ϕ and ⋆ϕ. We call them Harvey-Lawson (HL)
and RS manifolds, respectively. For more on the definition and properties of HL
manifolds we refer the reader to [1]. One can study these submanifolds and their
deformation spaces and moreover, search for relations by using Fukaya categories.
Through these results, we hope to use the relationship between Calabi-Yau 3-folds
and G2 manifolds to answer questions about the mirror symmetry of Calabi-Yau
3-folds and existence of calibrated submanifolds, [2], [3], [4], [6], [12], [13]. This will
be our motivation for the future directions, [8], [11].
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In this paper we define these Lagrangian-type submanifolds of a G2 manifold
M . We then describe some properties of these objects and prove the following
theorems.
Theorem 1.1. The space of infinitesimal deformations of a smooth, compact, ori-
entable 3-dimensional Harvey-Lawson submanifold HL in a G2 manifold M within
the class of HL submanifolds is infinite-dimensional. The deformation space can
be identified with the direct sum of the spaces of smooth functions and closed dif-
ferential 2-forms on HL.
Theorem 1.2. The space of all infinitesimal deformations of a smooth, compact,
orientable 4-dimensional RS submanifold in a G2 manifold M within the class of
RS submanifolds is infinite-dimensional and can be identified with closed differential
3-forms on RS.
Remark 1.3. Note that M does not have to be a manifold with G2 holonomy for
these theorems. Theorem 1.1 also holds when M is a manifold with a closed G2
structure φ and Theorem 1.2 can be extended to the case when M is a manifold
with a co-closed G2 structure φ.
2. Deformations of HL submanifolds
In this section, we study infinitesimal deformations of HL submanifolds. First,
let’s recall some basic definitions. For more details about G2 manifolds, we refer
the reader to [5], [7], and [9].
A manifold with G2 structure is a smooth seven-dimensional manifold M such
that the structure group of M reduces to the exceptional Lie group G2. Equiva-
lently, since G2 can be defined as the automorphism group of R
7 that preserves the
3-form
ϕ0 = e
123 + e145 + e167 + e246 − e257 − e347 − e356
where e123 = dx1 ∧ dx2 ∧ dx3 and (x1, . . . , x7) are coordinates on R
7, we can define
a G2 structure in the following manner.
Definition 2.1. A manifold with G2 structure is a smooth 7-dimensional manifold
M equipped with a nondegenerate 3-form ϕ ∈ Ω3(M) such that at any point p ∈M ,
(TpM,ϕp) ∼= (R
7, ϕ0).
This definition implies that on a local chart of a manifold with G2 structure
(M,ϕ), up to quadratic terms the 3-form ϕ coincides with the form ϕ0 ∈ Ω
3(R7).
The 3-form ϕ determines a metric g and a cross product × on M given by
ϕ(u, v, w) = g(u, v × w), u, v, w ∈ TM.
In this paper, we write this metric as g(·, ·) = 〈·, ·〉 for simplicity.
Definition 2.2. Suppose (M,ϕ) is a manifold with G2 structure. We call (M,ϕ) a
G2 manifold if ϕ is torsion-free with respect to the Levi-Civita connection. Equiv-
alently, we could say that M is a G2 manifold if M has holonomy contained in the
Lie group G2.
The torsion-free condition is equivalent to the condition that the form ϕ is closed
and co-closed, i.e.
dϕ = d ⋆ ϕ = 0.
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We call ϕ and ⋆ϕ the calibration 3-form and 4-form, respectively, as they define
calibrated submanifolds; manifolds that are volume-minimizing in their homology
class.
Definition 2.3. Let (M,ϕ) be a G2 manifold with calibration 3-form ϕ. A 4-
dimensional submanifold C ⊂M is called coassociative if ϕ|C = 0. A 3-dimensional
submanifold A ⊂M is called associative if ϕ|A ≡ dvol(A).
Note that the condition ϕ|A ≡ dvol(A)is equivalent to the condition that χ|A ≡ 0,
where χ ∈ Ω3(M,TM) is the tangent bundle-valued 3-form defined by the identity
〈χ(u, v, w), z〉 = ∗ϕ(u, v, w, z).
Remark 2.4. The equivalence of ϕ|A = dvol and 〈χ|A, χ|A〉 = 0 follows from the
associator equality which was shown in Harvey-Lawson, [9]:
ϕ(u, v, w)2 +
1
4
|χ(u, v, w)|2 = |u ∧ v ∧ w|2.
Definition 2.5. A Harvey-Lawson manifold is a 3-dimensional submanifold HL ⊂
M of a G2 manifold such that
ϕ|HL = 0.
Equivalently, this is defined by 〈χ|HL, χ|HL〉 = 1.
Remark 2.6. Again, the associator equality, [9], gives the equivalence of the con-
ditions ϕ|HL = 0 and 〈χ|HL, χ|HL〉 = 1.
Remark 2.7. One can obtain G2 manifolds from Calabi-Yau manifolds in the
following way. Let (N,ω,Ω) be a complex 3-dimensional Calabi-Yau manifold with
Ka¨hler form ω and a nonvanishing holomorphic (3,0)-form Ω. Then the direct
product N6 × S1 has holonomy group SU(3) which is a subset of G2. Therefore
N6 × S1 is a G2 manifold. In this particular case, ϕ = ReΩ + ω ∧ dt. For the
noncompact case N6 × R is also a G2 manifold (with reduced holonomy). Using
these structures, it is easy to show that all special Lagrangian submanifolds (with
phase θ = pi2 ) of the Calabi-Yau manifold N will be Harvey-Lawson submanifolds
of N6 × S1 or N6 × R.
Similar to the tangent bundle-valued 3-form χ on a G2 manifold, there is also a
tangent bundle-valued 2-form, which is just the cross product of M .
Definition 2.8. Let (M,ϕ) be aG2 manifold. Then ψ ∈ Ω
2(M,TM) is the tangent
bundle-valued 2-form defined by the identity
〈ψ(u, v), w〉 = ϕ(u, v, w) = 〈u × v, w〉.
We can also express the tangent bundle-valued forms χ and ψ in local coordinates
as above for ϕ. More generally, if e1, ..., e7 is any local orthonormal frame with dual
frame e1, ..., e7, by definition we can write χ and ψ in coordinates as
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χ = (e256 + e247 + e346 − e357)e1
+ (−e156 − e147 − e345 − e367)e2
+ (e157 − e146 + e245 + e267)e3
+ (e127 + e136 − e235 − e567)e4
+ (e126 − e137 + e234 + e467)e5
+ (−e125 − e134 − e237 − e457)e6
+ (−e124 + e135 + e236 + e456)e7,
ψ = (e23 + e45 + e67)e1
+ (e46 − e57 − e13)e2
+ (e12 − e47 − e56)e3
+ (e37 − e15 − e26)e4
+ (e14 + e27 + e36)e5
+ (e24 − e17 − e35)e6
+ (e16 − e25 − e34)e7.
Next, we study the deformations of HL submanifolds in a G2 manifold. Recall
that McLean studied the deformations of compact special Lagrangian submanifolds
in Calabi-Yau manifolds and proved the following theorem [10].
Theorem 2.9. The moduli space of all deformations of a smooth, compact, ori-
entable special Lagrangian submanifold L in a Calabi-Yau manifold N within the
class of special Lagrangian submanifolds is a smooth manifold of dimension equal
to dim(H1(L)).
In this section, we provide the analogue of this theorem for HL manifolds (and
also for RS manifolds in the next section), but in these cases, the space of de-
formations will be infinite-dimensional. Note that this is similar to the space of
deformations of Lagrangian submanifolds of symplectic manifolds.
We first describe the normal bundle of an HL submanifold inside G2 manifold
M . Recall that an orthonormal 3-frame field Γ =< u, v, w > on (M,ϕ) is called a
G2-frame field if ϕ(u, v, w) =< u × v, w >= 0, [1]. By results of Emery Thomas,
[14], there exists a nonvanishing 2-frame field Λ =< u, v > on M .
Let TM = E⊕V be the corresponding splitting with E =< u, v, u× v >. Let w
be a unit section of the bundle V→M . Even though this section w may not exist
on the entire manifold M , it exists on a tubular neighbourhood of the 3-skeleton
M (3) ofM (by obstruction theory) which is the complement of a 3 complex Y ⊂M .
Therefore, ϕ(u, v, w) =< u × v, w >= 0, and hence Γ =< u, v, w > is a G2 (i.e.
HL) frame field.
Consider the non-vanishing vector field
R = χ(u, v, w) = −u× (v × w).
We recall the following lemma from [1].
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Lemma 2.10. The following properties hold:
(a) If < u, v, w > is an HL 3-plane field, then V =< u, v, w,R > is a coasso-
ciative 4-plane field.
(b) E =< u× v, v × w,w × u > is an associative 3-plane field.
(c) E ⊥ V.
(d) {u, v, w,R, u× v, v × w,w × u} is an orthonormal frame field on M .
In particular we can express ϕ as
ϕ = u# ∧ v# ∧ (u# × v#) + v# ∧ w# ∧ (v# × w#) + w# ∧ u# ∧ (w# × u#)
+ u# ∧R# ∧ (v# × w#) + v# ∧R# ∧ (w# × u#) + w# ∧R# ∧ (u# × v#)
− (u# × v#) ∧ (v# × w#) ∧ (w# × u#).
Note that {u, v, w,R, u × v, v × w,w × u} and {u, v, w,R,w × R, u× R, v × R}
are equivalent frames, therefore ϕ can be given by
ϕ = u# ∧ v# ∧ (w# ×R#) + v# ∧ w# ∧ (u# ×R#) + w# ∧ u# ∧ (v# ×R#)
+ u# ∧R# ∧ (u# ×R#) + v# ∧R# ∧ (v# ×R#) + w# ∧R# ∧ (w# ×R#)
− (w# ×R#) ∧ (u# ×R#) ∧ (v# ×R#).
The normal bundle of an HL submanifold can be decomposed as
N(HL) = N˜(HL)⊕R,
where N˜(HL) is generated by vector fields u × R, v × R, and w × R. Since
〈ψ(u, v), w〉 = ϕ(u, v, w) = 〈u × v, w〉 = 0 for an HL submanifold, N˜(HL) is
isomoprhic to T (HL). The cross product structure × (also known as ψ) induces
this isomorphism.
Theorem 2.11. The space of infinitesimal deformations of a smooth, compact,
orientable 3-dimensional Harvey Lawson submanifold HL in a G2 manifold M
within the class of HL submanifolds is infinite-dimensional. The deformation space
can be identified with the direct sum of the spaces of smooth functions and closed
2-forms on HL.
Proof. For a small vector field V the deformation map is a map, F , defined from
the space of sections of the normal bundle, Γ(N(HL)), to the space of differential
3-forms, Λ3T ∗(HL) on HL, such that
F : Γ(N(HL))→ Λ3T ∗(HL),
F (V ) = ((expV )
∗(ϕ|HLV )).
The deformation map F is the restriction of ϕ to HLV and then pulled back to
HL via (expV )
∗ where expV is the normal exponential map which gives a diffeo-
morphism of HL onto its image HLV in a neighborhood of 0.
There is a natural identification of normal vector fields to HL with differential
1-forms on HL. Furthermore, since HL is compact, these normal vector fields can
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be identified with nearby submanifolds. Under these identifications, the kernel of
F then corresponds to the HL deformations.
The linearization of F at (0) is given by
dF (0) : Γ(N(HL))→ Λ3T ∗(HL)
where
dF (0)(V ) =
∂
∂t
F (tV )|t=0 =
∂
∂t
[exp∗tV (ϕ)]
=[LV (ϕ)|HL].
Further, by Cartan’s formula, we have
dF (0)(V ) = ((iV dϕ+ d(iV ϕ))|HL
= d(iV ϕ)|HL = (d ⋆ v),
where iV represents the interior derivative, v is the dual 1-form to the vector field
V with respect to the induced metric, and ⋆v is the Hodge dual of v on HL. Hence
dF (0)(V ) = (d ⋆ v) = (d∗v).
Therefore the space of nontrivial deformations of HL submanifolds can be iden-
tified with closed 2-forms on HL. The other component of the deformation space
comes from the trivial deformations of HL submanifolds. These correspond to
deforming a 3-dimensional HL manifold inside a coassociative manifold. By def-
inition, any such 3-manifold will be HL, which implies that deformations of HL
inside a coassociative submanifold in the direction of R can be identified with
smooth functions on HL.

3. Deformations of RS submanifolds
Let (M,ϕ) be a G2 manifold. In this section, we define Lagrangian-type 4-
dimensional submanifolds of M and describe their deformation space. Note that
we can write the calibration 4-form ⋆ϕ, in local coordinates as
⋆ϕ = e4567 + e2367 + e2345 + e1357 − e1346 − e1256 − e1247.
Definition 3.1. An RS manifold is a 4-dimensional submanifold RS ⊂M of a G2
manifold such that
⋆ϕ|RS = 0.
As with Harvey-Lawson manifolds, there is a tangent bundle-valued 4-form σ defin-
ing RS such that
⋆ϕ|RS = 0
if and only if
〈σ|RS , σ|RS〉 = 1.
This form, σ, is called the coassociator, and we can write it as
σ(u, v, w, z) = 〈v, w × z〉u+ 〈w, u× z〉v + 〈u, v × z〉w + 〈v, u× w〉z.
In [9], Harvey and Lawson prove the coassociator equality,
∗ϕ(u, v, w, z)2 +
1
4
|σ(u, v, w, z)|2 = |u ∧ v ∧ w ∧ z|2.
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Note that this identity provides justification for the above definition. Using the
coordinates above for ϕ, we can write σ in coordinates as follows:
σ = (−e1347 − e1356 − e1257 + e1246)e1
+(−e2347 − e2356 − e1267 − e1245)e2
+(−e2346 + e2357 − e1367 − e1345)e3
+(e3456 + e2457 − e1467 − e1234)e4
+(−e3457 + e2456 − e1567 − e1235)e5
+(−e3467 − e2567 − e1456 − e1236)e6
+(e3567 − e2467 − e1457 − e1237)e7.
Remark 3.2. Recall that the direct product N6 × S1 is a G2 manifold, where
(N,ω,Ω) is a complex 3-dimensional Calabi-Yau manifold with Ka¨hler form ω and
nonvanishing holomorphic (3, 0)-form Ω. In this case, ϕ = ReΩ + ω ∧ dt and
∗ϕ = −dt∧ImΩ+ 12 (ω∧ω). Therefore, the 4-manifolds given by SL×S
1, where SL
is a special Lagrangian submanifold of N with phase θ = 0 will be RS submanifolds
of N6 × S1. Analogous results hold for the noncompact G2 manifold N
6 × R.
Given a nonvanishing 4-frame field 〈u, v, w, z〉, note that we can define a nonva-
nishing vector field S given by
S = σ(u, v, w, z) = 〈v, w × z〉u+ 〈w, u × z〉v + 〈u, v × z〉w + 〈v, u× w〉z.
Using
〈χ(u, v, w), z〉 = ∗ϕ(u, v, w, z)
and
〈ψ(u, v), w〉 = ϕ(u, v, w) = 〈u× v, w〉
we have the following lemma. Note that given a nonvanishing 2-frame field< u, v >,
we can extend it by some nonvanishing vector field w. Then S˜ := σ(u, v, u × v, w)
is a nonvanishing vector field on M .
Lemma 3.3. Let S˜ = σ(u, v, u×v, w) for nonvanishing vector fields u, v, w ∈ TM .
Then the following properties hold:
(a) < u, v, u× v, w > is an RS 4-plane field.
(b) < u, v, u× v, S˜ > is an RS 4-plane field.
(c) < S˜, u× S˜, v × S˜, (u× v)× S˜ > is a coassociative 4-plane field.
(d) < u× S˜, v × S˜, (u× v)× S˜ > is an HL 3-plane field.
(e) {u, v, u× v, S˜, u× S˜, v × S˜, (u× v)× S˜} is an orthonormal frame field.
The proof of this lemma is similar to that for HL manifolds, which can be found
in [1]. Using these structures we can express the 3-form ϕ as
ϕ = u#∧v#∧((u×v)#×S#)+v#∧(u×v)#∧(u×S)#+(u×v)#∧u#∧(v#×S#)
+ u#∧S#∧(u#×S#)+v#∧S#∧(v#×S#)+(u×v)#∧S#∧((u×v)#×S#)
− ((u× v)# × S#) ∧ (u# × S#) ∧ (v# × S#).
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The tangent bundle of an RS manifold decomposes as
T (RS) = T˜ (RS)⊕ S˜,
where T˜ (RS) is generated by vectors S˜ × u, S˜ × v, S˜ × w. Since
〈χ(u, v, w), z〉 = ∗ϕ(u, v, w, z) = 0
for an RS submanifold, its normal bundle N(RS) is isomorphic to T˜ (RS). The
bundle-valued 3-form χ induces this isomorphism.
Under these identifications, we can prove the following theorem.
Theorem 3.4. The space of all infinitesimal deformations of a smooth, compact,
orientable 4-dimensional RS submanifold in a G2 manifold M within the class of
RS submanifolds is infinite-dimensional and can be identified with closed differential
3-forms on RS.
Proof. As in the proof of Theorem 2.11, for a small vector field V , the deformation
map F is defined as
F : Γ(N(RS))→ Λ4T ∗(RS)
F (V ) = (expV )
∗(⋆ϕ)
In other words, the deformation map F is the restriction of ⋆ϕ to RSV and then
pulled back to RS via (expV )
∗ where expV is the exponential map which gives a
diffeomorphism of RS onto its image RSV in a neighborhood of 0. For reasons
analogous to those for HL manifolds, the kernel of F corresponds to deformations
of RS manifolds.
Furthermore, we can write the linearization of F at (0) as
dF (0) : Γ(N(RS))→ Λ4T ∗(RS)
where
dF (0)(V ) =[−LV (∗ϕ)|RS ]
=d(iV (∗ϕ)))|RS = d ⋆ v
Here again, iV represents the interior derivative and v is the dual 1-form to the
vector field V with respect to the induced metric. Hence
dF (0)(V ) = d ⋆ v = ⋆(d∗v).
Therefore the space of infinitesimal deformations of RS manifolds can be iden-
tified with closed 3 forms on RS.

Remark 3.5. Recall that for a Lagrangian submanifold L of (N2n, ω), there exists
an almost complex structure J on N such that J maps vectors on L to vectors
orthogonal to L. In other words,
〈Ju, v〉 = 0
for all u, v ∈ TL. As a final remark, we note that we have an analogous situation
here for HL and RS manifolds. In the Harvey-Lawson case, the cross product ×
acts as this complex structure. Further, in the case of RS manifolds, the triple cross
product assumes the role of the complex structure, taking tangent vectors on the
RS manifold to normal vectors.
DEFORMATIONS OF HL AND RS MANIFOLDS 9
Acknowledgements. Part of this work was done when the second author was visiting
Cornell University as the Ruth I. Michler Fellow during the Spring of 2015. Many thanks
to the mathematics department at Cornell for their hospitality and AWM for the support
during the course of this work. Special thanks are to Dogan Ertan for all his help and
encouragement.
References
[1] Akbulut, S. and Salur, S., Calibrations and manifolds with special holonomy, Real and
Complex Submanifolds, Daejeon, Korea, August 2014, Springer Proceedings in Math and
Stat. (2015) 505-514.
[2] Akbulut, S. and Salur, S., Mirror Duality via G2 and Spin(7) Manifolds (with S. Akbulut)
Special Volume For the Arithmetic & Geometry Around Quantization, Prog. in Mathemat-
ics Series, Birkhauser, (2009), Edited by Yuri Manin & Matilde Marcolli.
[3] Akbulut, S. and Salur, S., Calibrated Manifolds and Gauge Theory, J. Reine Angew. Math.
625, (2008), 187–214.
[4] Akbulut, S. and Salur, S., Associative Submanifolds of G2 Manifolds, Advances in Math.
217, (2008), no. 5, pp. 2130–2140.
[5] Bryant, R.L. Metrics with exceptional holonomy, Ann. of Math. (2) 126 (1987), pp. 525-
576.
[6] Bryant, R.L. Calibrated embeddings in the special Lagrangian and coassociative cases, Spe-
cial issue in memory of Alfred Gray (1939–1998). Ann. Global Anal. Geom. 18, no. 3-4,
(2000) 405–435.
[7] Bryant, R.L. Some remarks on G2-structures, Proceedings of Gokova Geometry-Topology
Conference (2005), 75-109.
[8] Demiroglu, Y. and Salur, S. Harvey-Lawson Cobordisms , in preparation.
[9] Harvey, F.R. and Lawson, H.B. Calibrated Geometries, Acta. Math. 148 (1982), 47-157.
[10] McLean, R.C. Deformations of calibrated submanifolds, Comm. Anal. Geom. 6 (1998),
705-747.
[11] Robles, C. and Salur, S., Lagrangian-type embeddings into G2 manifolds, in preparation.
[12] Robles, C. and Salur, S., Calibrated associative and Cayley embeddings, Asian Journal of
Math. Vol.13, No. 3, (2009), 287-306.
[13] Salur, S. Deformations of Special Lagrangian Submanifolds, Communications in Contem-
porary Mathematics Vol.2, No.3 (2000), 365-372.
[14] Thomas, E. Postnikov Invariants and Higher Order Cohomology Operations, Ann. of Math.
(2) 85 (1967), 184-217.
Department of Mathematics, University of Rochester, Rochester, NY, 14627
E-mail address: rglover3@ur.rochester.edu
Department of Mathematics, University of Rochester, Rochester, NY, 14627
E-mail address: sema.salur@rochester.edu
